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Abstract. Let X be a completely regular Hausdorﬀ space and Bo be the
σ-algebra of Borel sets in X. Let Cb(X) (resp. B(Bo)) be the space of all
bounded continuous (resp. bounded Bo-measurable) scalar functions on
X, equipped with the natural strict topology β. We develop a general inte-
gral representation theory of (β, ξ)-continuous operators from Cb(X) to a
lcHs (E, ξ) with respect to the representing Borel measure taking values in
the bidual E′′ξ of (E, ξ). It is shown that every (β, ξ)-continuous operator
T : Cb(X) → E possesses a (β, ξE)-continuous extension Tˆ : B(Bo) → E′′ξ ,
where ξE stands for the natural topology on E′′ξ . If, in particular, X is a
k-space and (E, ξ) is quasicomplete, we present equivalent conditions for
a (β, ξ)-continuous operator T : Cb(X) → E to be weakly compact. As
an application, we have shown that if X is a k-space and a quasicomplete
lcHs (E, ξ) contains no isomorphic copy of c0, then every (β, ξ)-continuous
operator T : Cb(X) → E is weakly compact.
Mathematics Subject Classification. 46G10, 28A32, 28A25, 46A70.
Keywords. Spaces of bounded continuous functions, radon measures,
vector measures, strict topologies, weakly compact operators, integration
operators.
1. Introduction and Preliminaries
We assume that (E, ξ) is a locally convex Hausdorﬀ space (brieﬂy, lcHs) over
either the complex ﬁeld, C, or the real ﬁeld, R. By (E, ξ)′ or E′ξ we denote the
topological dual of (E, ξ). By σ(L,K), β(L,K) and τ(L,K) we denote weak
topology, the strong topology and the Mackey topology on L with respect to
a dual pair 〈L,K〉, respectively.
Throughout the paper we assume that (X, T ) is a completely regular
Hausdorﬀ space. By K we will denote the family of all compact sets in X. Let
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Bo stand for the σ-algebra of Borel sets in X. Let Cb(X) (resp. B(Bo)) be the
Banach space of all bounded continuous (resp. bounded Bo-measurable) scalar
functions on X, equipped with the topology τu of the uniform norm ‖ · ‖∞.
Let Cb(X)′ stand for the Banach dual of Cb(X), equipped with the conjugate
norm ‖ · ‖′. By S(Bo) we denote the space of all Bo-simple functions on X.
Recall that a linear operator T from the Banach space Cb(X) (resp.
B(Bo)) to a lcHs (E, ξ) is said to be weakly compact if T maps τu-bounded
sets in Cb(X) (resp., B(Bo)) onto relatively σ(E,E′ξ)-compact sets in E.




w(t)|v(t)| for v ∈ B(Bo),
where w runs over the family Bo(X)+ of all bounded functions w : X →
[0,∞) which vanish at inﬁnity, i.e., for every ε > 0, there is K ∈ K such that
supt∈XK w(t) ≤ ε.
In view of [14, Theorem 2.4] τc ⊂ β ⊂ τu on B(Bo) and β and τc coincide
on any τu-bounded set in B(Bo), where τc denotes the compact-open topol-
ogy on B(Bo). The topologies β and τu have the same bounded sets. If, in
particular, X is compact, then β = τu.
The following result characterizes a local base at 0 for β.
Proposition 1.1. The strict topology β on B(Bo) has a local base at 0 consisting









where (Kn) is a sequence of compact sets in X and (an) is a sequence of
positive numbers with lim an = 0.
Proof. Assume that wo ∈ Bo(X)+ with ‖wo‖∞ = 1. For ε > 0 let Vwo(ε) =
{v ∈ B(Bo) : pwo(v) ≤ ε}. Choose a sequence (Kn) in K such that
supt∈XKn wo(t) ≤ 1n+1 for n ∈ N. We can assume that ∅ = Ko ⊂ K1 ⊂











Indeed, assume that v ∈ B(Bo) and 1nε supt∈Kn |v(t)| ≤ 1 for n ∈ N. Then for
t ∈ Kn, wo(t)|v(t)| ≤ max1≤i≤n(supt∈KiKi−1 wo(t)|v(t)|) ≤ ε. Since wo(t) =
0 for t ∈ X  ⋃∞n=1 Kn, we have that pwo(v) ≤ ε.
Conversely, let (Kn) be a sequence in K and (an) be a sequence of positive
numbers with lim an = 0. Without loss of generality we can assume that ∅ =
K0 ⊂ K1 ⊂ K2 ⊂ · · · ⊂ Kn ⊂ · · · and an ↓ 0. Let wo =
∑∞
n=1 an1KnKn−1 .
Then wo ∈ Bo(X)+ and assume that v ∈ Vwo(1), i.e., pwo(v) ≤ 1. Hence for
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t ∈ Kn, an|v(t)| ≤ wo(t)|v(t)| ≤ 1, i.e., an supt∈Kn |v(t)| ≤ 1. This means that
Vwo(1) ⊂
⋂∞
n=1{v ∈ B(Bo) : an supt∈Kn |v(t)| ≤ 1}. 
The strict topology β restricted to Cb(X) (denoted by β again) has been
studied intensively (see [6,7,14,17,33]). Then β can be characterized as the
ﬁnest locally convex Hausdorﬀ topology on Cb(X) which coincides with τc on
τu-bounded sets (see [33, Theorem 2.4], [32]). This means that (Cb(X), β) is a
generalized DF-space (see [32, Corollary]); equivalently, β coincides with the
mixed topology γ[τu, τc] in the sense of Wiweger (see [38, (D), pp. 65–66], [7]
for more details). If, in particular, X is locally compact, then β coincides with
the original strict topology of Buck [4].
If X is compact, we will write simply C(X) instead of Cb(X). For a
locally compact Hausdorﬀ space X, Co(X) stands for the Banach space of all
those functions of Cb(X) that vanish at inﬁnity in X.
The ﬁrst studies of operators on spaces of scalar continuous functions were
made intependently in the fundamental papers of Grothendieck [15] and Bartle,
Schwartz and Dunford [2]. In 1953, Grothendieck has showed that there is a
one-to-one correspondence between the weakly compact operators from C(X)
into a complete lcHs and lcHs-valued Baire measures on a compact Hausdorﬀ
space X. But in [15] any theory of integration to represent these operators is
not developed. In 1955, Bartle, Dunford and Schwartz [2] developed a theory of
integration for scalar functions with respect to Banach space-valued measures
and use it to give an integral representation for weakly compact operators
T : C(X) → E, where X is a compact Hausdorﬀ space and E is a Banach space.
Later, in 1970 Lewis [21] studied a Pettis type weak integral of scalar functions
with respect to a countably additive lcHs-valued measure. In particular, in [21]
a Bartle-Dunford-Schwartz type theorem for weakly compact operators from
C(X) to a lcHs is proved. Moreover, it is showed that if X is a locally compact
Hausdorﬀ space, then the space Cb(X), equipped with the strict topology β
has the Dunford-Pettis property. The study of continuous linear operators from
the Banach space Co(X) to a lcHs has been intensively developed by Edwards
[12] and Panchapagesan in a series of papers [26–29] and a monograph [30].
When X is a completely regular Hausdorﬀ space, continuous linear oper-
ator from Cb(X), equipped with the diﬀerent kinds of strict topologies βz
(z = σ, τ, t, p, g, s), to a lcHs (in particular, a Banach space) have been studied
by Lewis [21], Khurana [19], Aguayo and Sanchez [1], Chaco`n and Vielma [5]
and the present author [23,24].
The aim of this paper is to build a general Riesz representation theory
for (β, ξ)-continuous linear operators from Cb(X) to an arbitrary lcHs (E, ξ),
extending a number of results which are generally known to be true if X is a
compact Hausdorﬀ space and E is a Banach space. In Sect. 2, making use of
the results of Topsoe [36] we state characterizations of weak compactness of
bounded sets in the Banach space M(X) of scalar Radon measures in case X
is a k-space. These characterizations play a key role in the studies of operators
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on Cb(X). Further, we use it to obtain a generalization of a well-known result
of Dieudonne´ for the weak sequential convergence in M(X). In Sect. 3 we study
the problem of an integral representation for (β, ξ)-continuous operators from
Cb(X) to (E, ξ) with respect to the representing Borel measures with values in
the bidual E′′ξ of (E, ξ). The strong integrability of functions in B(Bo) is consid-
ered with respect to the completion (E˜′′ξ , ξ˜E) of (E
′′
ξ , ξE), where ξE stands for the
natural topology on E′′ξ . It is shown that every (β, ξ)-continuous linear opera-
tor T : Cb(X) → E possesses a (β, ξE)-continuous extension Tˆ : B(Bo) → E′′ξ .
In Sect. 4, if X is a k-space and (E, ξ) is quasicomplete, we present equiva-
lent conditions for a (β, ξ)-continuous linear operator T : Cb(X) → E to be
weakly compact, in particular, in terms of the representing measures. As a
consequence, we derive that if X is a k-space and (E, ξ) is quasicomplete and
contains no isomorphic copy of c0, then every (β, ξ)-continuous linear operator
T : Cb(X) → E is weakly compact.
2. Topological Properties of Spaces of Scalar Measures
Recall that a countably additive scalar measure μ on Bo is called a Radon
measure if its variation |μ| is regular, i.e., for each A ∈ Bo,
|μ|(A) = sup {|μ|(K) : K ∈ K,K ⊂ A} = inf {|μ|(O) : O ∈ T , O ⊃ A} .
Let M(X) denote the space of all Radon measures, equipped with the
total variation norm ‖μ‖ := |μ|(X). Note that for μ ∈ M(X) and A ∈ Bo (see
[10, Proposition 11, pp. 4–5]):
(2.1) sup{|μ(B)| : B ⊂ A,B ∈ Bo} ≤ |μ|(A) ≤ 4 sup{|μ(B)| : B ⊂ A,B ∈ Bo} < ∞.
The following characterization of the topological dual of (Cb(X), β) will
be of importance (see [14, Lemma 4.5]).
Theorem 2.1. For a linear functional Φ on Cb(X) the following statements are
equivalent:
(i) Φ is β-continuous.





It is known that for a sequence (un) in Cb(X), un → 0 in σ(Cb(X), Cb(X)′β) if
and only if supn ‖un‖∞ < ∞ and un(t) → 0 for every t ∈ X (see [20, Corollary
5]).
The following result will be useful (see [25, Lemma 2.5]).






∣∣∣∣ : u ∈ Cb(X), ‖u‖∞ = 1
}
.
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∣∣∣∣ : u ∈ Cb(X), ‖u‖∞ = 1 and suppu ⊂ O
}
and ‖Φμ‖ = |μ|(X).
It is known that Cb(X)′β is equal to the closure of Cb(X)
′
τc in the Banach
space (Cb(X)′, ‖ · ‖′) (see [7, Proposition 1]). Hence in view of Lemma 2.2,
the space M(X) (equipped with the total variation norm ‖μ‖ = |μ|(X)) is a
Banach space.
We will need the following result (see [33, Theorem 5.1]).
Theorem 2.3. For a subset M of M(X) the following statements are equivalent:
(i) {Φμ : μ ∈ M} is β-equicontinuous.
(ii) supμ∈M |μ|(X) < ∞ and {|μ| : μ ∈ M} is uniformly tight, i.e., for
every ε > 0 there exists K ∈ K such that supμ∈M |μ|(X  K) ≤ ε.
Recall that a completely regular Hausdorﬀ space (X, T ) is a k-space if a
subset A of X is closed whenever A∩K is compact for all compact sets in X.
In particular, every locally compact Hausdorﬀ space, every metrizable space
and every space satisfying the ﬁrst countability axiom is a k-space (see [13,
Chap. 3, § 3]).
Now using the results of Topsoe’s paper [36] we can state the following
extension to k-spaces of the celebrated Dieudonne´-Grothendieck’s criterion
on relative weak compactness in the space M(X) (see [15, Theorem 2], [9,
Theorem 14, pp. 98–103]), which plays a crucial role in the study of operators
on Cb(X).
By τs we denote the topology of simple convergence in ca(Bo). Then τs
is generated by the family {pA : A ∈ Bo} of seminorms, where pA(μ) = |μ(A)|
for μ ∈ ca(Bo).
Theorem 2.4. Assume that X is a k-space and M is a subset of M(X) such
that supμ∈M |μ|(X) < ∞. Then the following statements are equivalent:
(i) M is relatively weakly compact in the Banach space M(X).
(ii) M is uniformly countably additive, i.e., supμ∈M |μ(An)| → 0 whenever
An ↓ ∅, (An) ⊂ Bo.
(iii) supμ∈M |μ| (On) → 0 whenever (On) is a pairwise disjoint sequence of
open sets.
(iv) supμ∈M |μ(On)| → 0 whenever (On) is a pairwise disjoint sequence of
open sets.
(v) {|μ| : μ ∈ M} is uniformly regular, i.e., for every A ∈ Bo and ε > 0
there exist K ∈ K and O ∈ T with K ⊂ A ⊂ O such that supμ∈M |μ|
(O  K) ≤ ε.
(vi) M is uniformly regular, i.e., for every A ∈ Bo and ε > 0 there exist
K ∈ K and O ∈ T with K ⊂ A ⊂ O such that supμ∈M |μ(B)| ≤ ε for
every B ∈ Bo with B ⊂ O  K.




undμ| → 0 whenever (un) is a uniformly bounded sequence








undμ| → 0 whenever (un) is a uniformly bounded sequence
in Cb(X) such that suppun ∩ suppuk = ∅ for n = k.
Proof. (i)⇔(ii) It follows from [9, Chap. 7, Theorem 13] because M(X) is a
closed subspace of the Banach space ca(Bo), equipped with the norm ‖μ‖ =
|μ|(X) (see [18, Chap. 3, § 3, Corollary 3]).
(ii)⇒(iii) Assume that (ii) holds. Then supμ∈M |μ|(An) → 0 for every
pairwise disjoint sequence (An) in Bo (see [9, Theorem 10, pp. 88–89], [10,
Proposition 17, p. 8]). Hence (iii) holds.
(iii)⇒(iv) It is obvious.
(iv)⇒(iii) Assume that (iii) does not hold. Then there exist ε > 0, a
sequence (On) of pairwise disjoint sets in T and a sequence (μn) in M such
that |μn| (On) ≥ ε for n ∈ N. By (2.1) for every n ∈ N there exists An ∈ Bo
with An ⊂ On such that |μn| (On) ≤ 4|μn(An)| + ε4 . By the regularity of
μn, there exists O′n ∈ T with An ⊂ O′n such that |μn| (O′n  An) ≤ ε8 . Let
Un = On ∩ O′n for n ∈ N. Then (Un) is a pairwise disjoint sequence in T
and |μn(An)| ≤ |μn(Un)| + |μn(Un  An)| for n ∈ N. Hence |μn(Un  An)| ≤
|μn| (Un  An) ≤ |μn| (O′n  An) ≤ ε8 for n ∈ N, and we get ε ≤ |μn| (On) ≤
4|μn(Un)| + 34ε and hence |μn(Un)| ≥ 116ε. It follows that (iv) does not hold.
(iii)⇒(v) Assume that (iii) holds. Then by [T, Theorem 8] the set {|μ| :
μ ∈ M} is relatively τs
∣∣
M+(X)
-compact in M+(X), where (M+(X) := {μ ∈
M(X) : μ(A) ≥ 0 for every A ∈ Bo}. Hence by [35, Proposition 1] (v) holds.
(v)⇔(vi) It follows from (2.1).
(v)⇒(ii) It is enough to repeat verbatim the proof of implication (d) ⇒
(e) in [10, Lemma 13, pp. 157–159].
(ii)⇒(vii) Assume that M is uniformly countably additive. Let (un) be
a sequence in Cb(X) such that supn ‖un‖∞ = a < ∞ and un(t) → 0 for every
t ∈ X. Then there exists λ ∈ ca(Bo)+ such that limλ(A)→0 supμ∈M |μ| (A) = 0.
Let ε > 0 be given. Then there exists η > 0 such that supμ∈M |μ| (A) ≤ ε2(a+1)
whenever λ(A) ≤ η, A ∈ Bo. Hence by the Egoroﬀ theorem there exists Aη ∈
Bo with λ(X  Aη) ≤ η and supt∈Aη |un(t)| → 0, so supt∈Aη |un(t)| ≤ ε2(c+1)
for n ≥ no for some no ∈ N, where c = supμ∈M |μ| (X). Then for every μ ∈ M




















It follows that supμ∈M |
∫
X
undμ| ≤ ε for n ≥ no.
(vii)⇔(viii) It is obvious.
(vii)⇒(ix) It is obvious.
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(ix)⇒(iv) Assume that (iv) does not hold. Hence there exist εo > 0, a
pairwise disjoint sequence (On) in T and a sequence (μn) in M such that
|μn(On)| > εo. In view of Lemma 2.2 one can choose a sequence (un) in Cb(X)




























Since suppun ∩ suppuk = ∅ for n = k, we derive that the condition (ix) does
not hold. 
Remark 2.1. The problem of weak compactness of bounded sets of M(X) if
X is a locally compact Hausdorﬀ space has been studied by Edwards [12,
Theorem 4.22.1] and Panchapagesan [28, Theorems 1 and 2]. In case X is a
compact Hausdorﬀ space, an analogous result to Theorem 2.4 can be found in
[10, Lemma 13, pp. 157–159] and in [9, Theorem 14, pp. 98–103].
In 1951 Dieudonne´ [8] proved that, if a sequence of Radon measures
deﬁned on the Borel σ-algebra of a compact metrizable space converges on
every open set, then it converges on every Borel set, and in this case the
sequence is uniformly regular. Brooks [3] generalizes this theorem to the case
the space is either compact or the space is normal and the sequence is uniformly
bounded.
As an application of Theorem 2.4 we can state a Dieudonne´-type theorem
in the setting of k-spaces.
Corollary 2.5. Assume that X is a k-space and (μn) is a bounded sequence in
the Banach space M(X). Then the following statements are equivalent:
(i) μn → μ in σ(M(X),M(X)′) for some μ ∈ M(X).
(ii) For every A ∈ Bo, limμn(A) exists and the set {μn : n ∈ N} is uniformly
regular.
(iii) For every open set O in X, limμn(O) exists.
Proof. (i)⇒(ii) Assume that (i) holds. Clearly μn(A) → μ(A) for every A ∈ Bo.
Since the set {μn : n ∈ N}∪{μ} is σ(M(X),M(X)′)-compact, by Theorem 2.4
we obtain that the set {μn : n ∈ N} is uniformly regular.
(ii)⇒(iii) It is obvious.
(iii)⇒(i) Assume that (iii) holds. Then using Theorem 2.4 and arguing
as in the proof of Corollary 4.22.2 of [12] we obtain that (i) holds. 
Remark 2.2. An analogous result to Corollary 2.5 for X a locally compact
Hausdorﬀ space can be found in [12, Corollary 4.22.2] and [29, Corollary 1].
As a consequence of Corollary 2.5 we have:
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Corollary 2.6. Assume that X is a k-space. Then the Banach space M(X) is
weakly sequentially complete.
3. Integral Representation of Operators on Cb(X)
Let Cb(X)′′β denote the bidual of (Cb(X), β). Since β-bounded subsets of Cb(X)
are τu-bounded, the strong topology β(Cb(X)′β , Cb(X)) in Cb(X)
′
β coincides
with the ‖·‖′-norm topology in Cb(X)′ restricted to Cb(X)′β . Hence Cb(X)′′β =
(Cb(X)′β , ‖ · ‖′)′ and ‖Ψ‖′′ = sup{|Ψ(Φ)| : Φ ∈ Cb(X)′β , ‖Φ‖′ ≤ 1} for Ψ ∈
Cb(X)′′β . Then one can embed B(Bo) into Cb(X)′′β by the mapping π : B(Bo) →











∣∣∣∣ ≤ ‖v‖∞|μ| (X) = ‖v‖∞‖Φμ‖′
and hence π is bounded and ‖π(v)‖′′ ≤ ‖v‖∞.
For t ∈ X let δt(u) := u(t) for u ∈ Cb(X). Then δt ∈ Cb(X)′β with ‖δt‖′ =
1, and there exists μt ∈ M(X) such that δt(u) =
∫
X
u dμt for u ∈ Cb(X).
Moreover, μt is concentrated on {t}, that is, μt(A) = 1A(t) for A ∈ Bo. Hence,
we get





∣∣∣∣ : t ∈ X
}
= sup{|v(t)| : t ∈ X} = ‖v‖∞.
It follows that ‖π(v)‖′′ = ‖v‖∞.







′. Let E denote
the family of all ξ-equicontinuous subsets of E′ξ. Then ξ is generated by the
family of seminorms {pD : D ∈ E}, where
pD(e) := sup{|e′(e)| : e′ ∈ D} for e ∈ E.
The so-called natural topology ξE on E′′ξ is generated by the family of
seminorms {qD : D ∈ E}, where
qD(e′′) := sup{|e′′(e′)| : e′ ∈ D} for e′′ ∈ E′′ξ
(see [12, § 8.7] for more details).
Let iE : E → E′′ξ stand for the canonical injection, that is, iE(e)(e′) =
e′(e) for e ∈ E and e′ ∈ E′ξ. Let jE : iE(E) → E stand for the left inverse
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Assume that T : Cb(X) → E is a (β, ξ)-continuous linear operator. Then
T is (σ(Cb(X), Cb(X)′β), σ(E,E
′
ξ))-continuous (see [12, Corollary 8.6.5]) and
one can deﬁne the conjugate mapping
T ′ : E′ξ → Cb(X)′β
by putting T ′(e′) := e′ ◦ T for e′ ∈ E′ξ. Then T ′ is (β(E′ξ, E),




β , Cb(X)))-continuous. It follows that we can deﬁne the
biconjugate mapping
T ′′ : Cb(X)′′β → E′′ξ
by putting T ′′(Ψ)(e′) = Ψ(T ′(e′)) for Ψ ∈ Cb(X)′′β and e′ ∈ E′ξ. Then T ′′






ξ))-continuous. Since the topology (τu)E on
Cb(X)′′β coincides with the ‖·‖′′-norm topology on Cb(X)′′ restricted to Cb(X)′′β ,
in view of [12, Proposition 8.7.2] T ′′ is (‖ · ‖′′∣∣
Cb(X)′′β
, ξE)-continuous. Let
Tˆ := T ′′ ◦ π : B(Bo) → E′′ξ .
Then Tˆ is a (τu, ξE)-continuous linear operator. For A ∈ Bo let
mˆ(A) := Tˆ (1A).
Hence mˆ : Bo → E′′ξ is a ﬁnitely additive measure with the ξE -bounded range
and is called a representing measure of T . For every e′ ∈ E′ξ, let
mˆe′(A) := mˆ(A)(e′) for A ∈ Bo.
From the general properties of the operator Tˆ it follows immediately that
Tˆ (Cb(X)) ⊂ iE(E) and T (u) = jE(Tˆ (u)) for u ∈ Cb(X).
From now on we will use the integration theory of scalar functions with respect
to vector measures that is developed in [16,26,30].
In view of (2.1) for D ∈ E and A ∈ Bo, we have
sup {qD(mˆ(B)) : B ∈ Bo,B ⊂ A} ≤ sup
e′∈D
|mˆe′ |(A)
≤ 4 sup {qD(mˆ(B)) : B ∈ Bo,B ⊂ A} < ∞.
(3.1)
It follows that supe′∈D |mˆe′ |(X) < ∞ for every D ∈ E . Let v ∈ B(Bo). Choose













≤ ‖sn − sk‖∞ · sup
e′∈D
|mˆe′ |(X). (3.2)
Then every v ∈ B(Bo) is mˆ-integrable with respect to the completion (E˜′′ξ , ξ˜E)










sn dmˆ in E˜′′ξ . (3.3)
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Definition 3.1. A ﬁnitely additive measure mˆ : Bo → E′′ξ is said to be ξE -tight
if for every D ∈ E and ε > 0 there exists K ∈ K such that qD(mˆ(B)) =
supe′∈D |mˆe′(B)| ≤ ε for every B ∈ Bo with B ⊂ X  K (equivalently;
supe′∈D |mˆe′ |(X  K) ≤ ε).
Now we can state a general Riesz representation theorem for continuous
linear operators from (Cb(X), β) to a lcHs (E, ξ).
Theorem 3.1. Let T : Cb(X) → E be a (β, ξ)-continuous linear operator and
mˆ be its representing measure. Then the following statements hold:
(i) For every e′ ∈ E′ξ, mˆe′ ∈ M(X).
(ii) For every e′ ∈ E′ξ, e′(T (u)) =
∫
X
u dmˆe′ for u ∈ Cb(X).
(iii) The mapping E′ξ  e′ → mˆe′ ∈ M(X) is (σ(E′ξ, E), σ(M(X), Cb(X)))-
continuous.
(iv) mˆ is ξE -bounded (i.e., supe′∈D |mˆe′ |(X) < ∞ for every D ∈ E) and
ξE -tight.




v dmˆ and Tˆ (v)(e′) =
∫
X
v dmˆe′ for every e′ ∈ E′ξ.
(vi) Tˆ : B(Bo) → E′′ξ is (β, ξE)-continuous.
Conversely, let mˆ : Bo → E′′ξ be a finitely additive measure satisfying (i),
(iii) and (iv). Then there exists a unique (β, ξ)-continuous linear operator T :
Cb(X) → E such that for every e′ ∈ E′ξ, e′(T (u)) =
∫
X
u dmˆe′ for u ∈ Cb(X).
Moreover, mˆ is the representing measure of T .
Proof. (i) Let e′ ∈ E′ξ. Since e′ ◦ T ∈ Cb(X)′β , by Theorem 2.1 there exists a
unique μe′ ∈ M(X) such that (e′ ◦T )(u) =
∫
X
u dμe′ = Φμe′ (u) for u ∈ Cb(X).





′ ◦ T ) =
∫
X
1A dμe′ = μe′(A).
It follows that mˆe′ = μe′ ∈ M(X).
(ii) In view of (i) for every e′ ∈ E′ξ, e′(T (u)) =
∫
X
u dmˆe′ for u ∈ Cb(X).
(iii) Since the mapping T ′ : E′ξ → Cb(X)′β is (σ(E′ξ, E), σ(Cb(X)′β ,
Cb(X)))-continuous, the mapping E′ξ  e′ → mˆe′ ∈ M(X) is (σ(E′ξ, E),
σ(M(X), Cb(X)))-continuous.
(iv) It follows from (ii) and Theorem 2.3 because for every D ∈ E , the
family {e′ ◦ T : e′ ∈ D} is β-equicontinuous.
(v) Let v ∈ B(Bo). Choose a sequence (sn) in S(Bo) such that ‖v −
sn‖∞ → 0. Since Tˆ : B(Bo) → E′′ξ is (τu, ξE)-continuous, we get
Tˆ (v) = ξE − lim
n
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Let e′ ∈ E′ξ. Deﬁne a linear functional ϕe′ on B(Bo) by ϕe′(v) = Tˆ (v)(e′)
for v ∈ B(Bo). Note that ϕe′ = ie′ ◦ Tˆ , where ie′ is a linear functional on
E′′ξ deﬁned by ie′(e
′′) = e′′(e′) for e′′ ∈ E′′ξ . Since ie′ is ξE -continuous, we
obtain that ϕe′ is τu-continuous. Hence there exists a unique μe′ ∈ ba(Bo)
such that ϕe′(v) =
∫
X
v dμe′ for v ∈ B(Bo) (see [9, Theorem 7, p. 77]). Then
for A ∈ Bo, mˆe′(A) = Tˆ (1A)(e′) = ϕe′(1A) = μe′(A), so mˆe′ = μe′ and
Tˆ (v)(e′) = ϕe′(v) =
∫
X
v dmˆe′ for v ∈ B(Bo).
(vi) Let D ∈ E and ε > 0 be given. By (iv) there exists a sequence (Kn)
in K with K1 ⊂ K2 ⊂ · · · ⊂ Kn ⊂ · · · such that supe′∈D |mˆe′ |(XKn) ≤ 2−2n
for n ∈ N.










is a β-neighborhood of 0 in B(Bo). Note that for e′ ∈ D, |mˆe′ |(X
⋃∞
n=1 Kn) =





















































η 2n−1 · 2−2n ≤ ε.
It follows that qD(Tˆ (v)) ≤ ε, and this means that Tˆ : B(Bo) → E′′ξ is (β, ξE)-
continuous.
Conversely, let mˆ : Bo → E′′ξ be a ﬁnitely additive measure satisfying the




u dmˆe′ for e′ ∈ E′ξ. Then by (iii) ψu is σ(E′ξ, E)-continuous, so
there is a unique eu ∈ E such that ψu(e′) = e′(eu) for each e′ ∈ E′ξ. For each
u ∈ Cb(X) let us put T (u) := eu. Then T : Cb(X) → E is a linear mapping
and for every e′ ∈ E′ξ, we have
e′(T (u)) = e′(eu) = ψu(e′) =
∫
X
u dmˆe′ for u ∈ Cb(X).
In view of (i) and (iv) and Theorem 2.3 for every D ∈ E , the family {e′ ◦ T :
e′ ∈ D} is β-equicontinuous and it follows that T is (β, ξ)-continuous.
Assume that S : Cb(X) → E is another (β, ξ)-continuous linear operator
such that for each e′ ∈ E′ξ, e′(S(u)) =
∫
X
u dmˆe′ for all u ∈ Cb(X). Then
e′(S(u)) = e′(T (u)) for all u ∈ Cb(X), i.e., S = T .
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Let mˆo be the representing measure of T . Then by the ﬁrst part of the
proof, for each e′ ∈ E′ξ, we get e′(T (u)) =
∫
X
u d(mˆo)e′ for every u ∈ Cb(X),
where (mˆo)e′ ∈ M(X). It follows that (mˆo)e′ = (mˆ)e′ for each e′ ∈ E′ξ, i.e.,
mˆ(A)(e′) = mˆo(A)(e′) for every A ∈ Bo. Hence mˆo = mˆ. 
Remark 3.1. A Riesz representation theorem for bounded linear operators
T : C(X) → E, where X is a compact Hausdorﬀ space and E is a Banach
space was proved by Bartle, Dunford and Schwartz (see [2, Theorem 3.1], [10,
Theorem 1, pp. 152–153]). An analogous theorem for (τu, ξ)-continuous linear
operators T : Co(X) → E, where X is a locally compact Hausdorﬀ space and
(E, ξ) is a lcHs was proved by Panchapagesan ([27, Theorem 1]).
Now we study (β, ξ)-continuous linear operators T : Cb(X) → E such
that the set T ′(D) is relatively σ(Cb(X)′β , Cb(X)
′′
β)-compact for every D ∈ E
(see [12, Corollary 9.3.2]).
Proposition 3.2. Let T : Cb(X) → E be a (β, ξ)-continuous linear operator.
Then the following statements are equivalent:
(i) For every D ∈ E, T ′(D) is relatively σ(Cb(X)′β , Cb(X)′′β)-compact.
(ii) T ′′ : Cb(X)′′β → E′′ξ is (τ(Cb(X)′′β , Cb(X)′β), ξE)-continuous.
Proof. (i)⇒(ii) Assume that (i) holds and V is a ξE -neighborhood of 0 in
E′′ξ . Then there exists D ∈ E such that D0 ⊂ V , where D0 denotes the
polar of D with respect to the dual pair 〈E′ξ, E′′ξ 〉. Then T ′(D) is a relatively
σ(Cb(X)′β , Cb(X)
′′
β)-compact and by the Krein-Smulian theorem, its closed






β)-neighborhood of 0 in Cb(X)
′′
β , where C
0 denotes the polar
of C with respect to the dual pair 〈Cb(X)′β , Cb(X)′′β〉. Then T ′′(C0) ⊂ D0 ⊂ V
(see [12, § 8.6, (6.6.3)]) and this means that T ′′ is (τ(Cb(X)′′β , Cb(X)′β), ξE)-
continuous.
(ii)⇒(i) Assume that (ii) holds and D ∈ E . It follows that there exists
an absolutely convex σ(Cb(X)′β , Cb(X)
′′
β)-compact set C in Cb(X)
′
β such that
T ′′(C0) ⊂ D0. It follows that T ′(D) ⊂ C (see [12, § 8.6, (8.6.3)]) and hence
T ′(D) is relatively σ(Cb(X)′β , Cb(X)
′′
β)-compact. 
Corollary 3.3. Let T : Cb(X) → E be a (β, ξ)-continuous linear operator. If
for every D ∈ E, T ′(D) is a relatively σ(Cb(X)′β , Cb(X)′′β)-compact subset of
Cb(X)′β, then the following statements hold:
(i) For every v ∈ B(Bo) there exists a net (uα) in Cb(X) with ‖uα‖∞ ≤
‖v‖∞ such that Tˆ (uα) → Tˆ (v) in ξE .
(ii) iE(T (Cb(X))) is ξE -dense in Tˆ (B(Bo)).
Proof. (i) Let v ∈ B(Bo) and Uv = {u ∈ Cb(X) : ‖u‖∞ ≤ ‖v‖∞}. Then by
the Mazur theorem and the Goldstein type theorem (see [31, § 4, Theorem 4,
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p. 35]), we get
clτ(Cb(X)′′β ,Cb(X)′β)(π(Uv)) = clσ(Cb(X)′′β ,Cb(X)′β)(π(Uv))
= {Ψ ∈ Cb(X)′′β : ‖Ψ‖′′ ≤ ‖v‖∞}.
Since ‖π(v)‖′′ = ‖v‖∞, there exists a net (uα) in Cb(X) with ‖uα‖∞ ≤ ‖v‖∞
such that π(uα) → π(v) in τ(Cb(X)′′β , Cb(X)′β). Hence by Proposition 3.2,
Tˆ (uα) = T ′′(π(uα)) → T ′′(π(v)) = Tˆ (v) in ξE .
(ii) It follows from (i). 
Remark 3.2. If X is a compact Hausdorﬀ space, a related result to Corollary
3.3 was obtained by Shuchat [34, Proposition 1].
Definition 3.2 (see [11, § 3]). A ﬁnitely additive measure mˆ : Bo → E′′ξ is said
to be ξE -regular if for every D ∈ E , A ∈ Bo and ε > 0 there exist K ∈ K
and O ∈ T with K ⊂ A ⊂ O such that qD(mˆ(B)) = supe′∈D |mˆe′(B)| ≤ ε for
every B ∈ Bo with B ⊂ O  K (equivalently, supe′∈D |mˆe′ |(O  K) ≤ ε).
Now we present equivalent conditions for a (β, ξ)-continuous linear
operator T : Cb(X) → E, the set T ′(D) to be relatively σ(Cb(X)′β , Cb(X)′′β)-
compact for every D ∈ E .
Corollary 3.4. Assume that X is a k-space. Let T : Cb(X) → E be a (β, ξ)-
continuous linear operator and mˆ be its representing measure. Then the fol-
lowing statements are equivalent:
(i) For every D ∈ E, T ′(D) is relatively σ(Cb(X)′β , Cb(X)′′β)-compact.
(ii) For every D ∈ E, {mˆe′ : e′ ∈ D} is relatively σ(M(X),M(X)′)-
compact.
(iii) mˆ : Bo → E′′ξ is ξE -countably additive.
(iv) mˆ : Bo → E′′ξ is ξE -regular.
(v) T (un) → 0 in ξ whenever (un) is a uniformly bounded sequence in
Cb(X) such that un(t) → 0 for every t ∈ X.
(vi) T (un) → 0 in ξ whenever (un) is a uniformly bounded sequence in
Cb(X) such that suppun ∩ suppuk = ∅ for n = k.
(vii) T (un) → 0 in ξ whenever un → 0 in σ(Cb(X), Cb(X)′β).





un dμ| < ∞ for every μ ∈ M(X).
Proof. (i)⇔(ii)⇔(iii)⇔(iv) It follows from Theorem 2.4 because by Theo-
rem 3.1 for every D ∈ E , supe′∈D |mˆe′ |(X) < ∞, where for every e′ ∈ E′ξ,
mˆe′ ∈ M(X) and T ′(e′)(u) = (e′ ◦ T )(u) =
∫
X
u dmˆe′ for u ∈ Cb(X).
(iii)⇒(v) Assume that mˆ is ξE -countably additive. Then for every D ∈
E , the family {|mˆe′ | : e′ ∈ D} is uniformly countably additive and since
supe′∈D |mˆe′ |(X) = c < ∞ (see Theorem 3.1), there exists λ ∈ ca(Bo)+ such
that {|mˆe′ | : e′ ∈ D} is uniformly λ-continuous (see [10, Theorem 4, pp. 11–
12]), i.e., limλ(A)→0 supe′∈D |mˆe′ |(A) = 0.
Let (un) be a sequence in Cb(X) such that supn ‖un‖∞ = a < ∞ and
un(t) → 0 for every t ∈ X. Given ε > 0 there exists η > 0 such that
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supe′∈D |mˆe′ |(A) ≤ ε2(a+1) whenever λ(A) ≤ η, A ∈ Bo. Hence by the Egoroﬀ
theorem there exists Aη ∈ Bo with λ(XAη) ≤ η and supt∈Aη |un(t)| ≤ ε2(c+1)









|un| d|mˆe′ | =
∫
Aη












Hence pD(T (un)) ≤ ε for n ≥ nε and this means that T (un) → 0 in ξ.
(v)⇒(vi) It is obvious.
(vi)⇒(ii) Assume that (vi) holds and that (ii) fails to hold, i.e., there
exists D0 ∈ E such that {mˆe′ : e′ ∈ D0} is not relatively σ(M(X),M(X)′)-
compact. Since supe′∈D |mˆe′ |(X) < ∞ (see Theorem 3.1), according to Theo-
rem 2.4 there exist ε0 > 0, a pairwise disjoint sequence (On) of open sets and a
sequence (e′n) in D0 such that |mˆe′n |(On) > ε0. By Lemma 2.2 one can choose












Then for n ∈ N,

















On the other hand, since suppun∩suppuk = ∅ for n = k, we get pD0(T (un)) →
0. This contradiction establishes that (ii) holds.
(v)⇔(vii) It is obvious.










un dμ| < ∞ and it means that the set {un : n ∈ N} is
σ(Cb(X), Cb(X)′β)-bounded. Hence {un : n ∈ N} is β-bounded, and it follows








un dμt| < ∞ and it follows that
un(t) → 0 for every t ∈ X. Thus T (un) → 0 in ξ, i.e., (viii) holds.
(viii)⇒(vi) Assume that (viii) holds and let (un) be a sequence in Cb(X)
such that supn ‖un‖∞ = a < ∞ and suppun ∩ suppuk = ∅ for n = k. Then





















≤ a|μ|(X) < ∞.
Hence T (un) → 0 in ξ, i.e., (vi) holds. 
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Assume that T : Cb(X) → E is a (β, ξ)-continuous linear operator such
that Tˆ (B(Bo)) = T ′′(π(B(Bo))) ⊂ iE(E). From now on let
T (v) := jE(Tˆ (v)) for v ∈ B(Bo).
Then T (u) = T (u) for u ∈ Cb(X) and the operator T : B(Bo) → E will
be called the natural extension of T on B(Bo).
Definition 3.3. A ξ-countably additive measure m : Bo → E is called a ξ-
Radon measure if m is ξ-regular, i.e., for every D ∈ E , A ∈ Bo and ε > 0
there exist K ∈ K and O ∈ T with K ⊂ A ⊂ O such that pD(m(B)) =
supe′∈D |me′(B)| ≤ ε for every B ∈ Bo with B ⊂ O  K (equivalently;
supe′∈D |me′ |(O  K) ≤ ε).
Theorem 3.5. Assume that X is a k-space and (E, ξ) is a sequentially complete
lcHs. Let T : Cb(X) → E be a (β, ξ)-continuous linear operator and mˆ be
its representing measure. Assume that mˆ(A) ∈ iE(E) for every A ∈ Bo and
m := jE ◦ mˆ. Then the following statements hold:
(i) m : Bo → E is a ξ-Radon measure.
(ii) Tˆ (B(Bo)) ⊂ iE(E) and T (v) =
∫
X
v dm for v ∈ B(Bo).
(iii) T : B(Bo) → E is (β, ξ)-continuous.
(iv) T (Cb(X)) is ξ-dense in T (B(Bo)).
Proof. (i) Since me′ = mˆe′ ∈ M(X), by the Orlicz-Pettis theorem (see [22,
Corollary 1]) m is ξ-countably additive, i.e., for every D ∈ E , the family
{me′ : e′ ∈ D} is uniformly countably additive. Hence by Theorem 2.4 {|me′ | :
e′ ∈ D} is uniformly regular, i.e., m is ξ-regular. This means that m is a
ξ-Radon measure.
(ii) Let v ∈ B(Bo). Choose a sequence (sn) in S(Bo) such that ‖v −
sn‖∞ → 0. Note that (
∫
X
sn dm) is a ξ-Cauchy sequence in E (see (3.2)) and
hence one can deﬁne
∫
X





















v dmˆ = Tˆ (v).








view of the condition (vi) of Theorem 3.1, T = jE ◦ Tˆ is (β, ξ)-continuous.
(iv) It follows from Corollary 3.3. 
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4. Weakly Compact Operators on Cb(X)
Assume that (E, ξ) is a lcHs. Recall that a (β, ξ)-continuous linear operator
T : Cb(X) → E is said to be:
(i) unconditionally convergent if the series
∑∞
n=1 T (un) converges uncondi-





undμ| < ∞ for every μ ∈ M(X).
(ii) completely continuous if T maps σ(Cb(X), Cb(X)′β)-Cauchy sequences
in Cb(X) onto ξ-convergent sequences in E.
(iii) weakly completely continuous if T maps σ(Cb(X), Cb(X)′β)-Cauchy sequ-
ences in Cb(X) onto σ(E,E′ξ)-convergent sequences in E.
Proposition 4.1. If T : Cb(X) → E is a weakly completely continuous operator,
then T is unconditionally convergent.
Proof. Assume that T is weakly completely continuous. Let (un) be a sequence





un dμ| < ∞ for each μ ∈ M(X). For a subse-
quence (ukn) of (un), let Sn =
∑n
i=1 uki . Then (Sn) is a σ(Cb(X), Cb(X)
′
β)-
Cauchy sequence. It follows that the series
∑∞
n=1 T (ukn) is σ(E,E
′
ξ)-convergent
in E and in view of the Orlicz-Pettis theorem the series
∑∞
n=1 T (un) is uncondi-
tionally converging (see [22, Theorem 1]). This means that T is unconditionally
convergent. 
When X is a compact Hausdorﬀ space and (E, ξ) is a complete lcHs,
Grothendieck [15, Theorem 6] gave some necessary and suﬃcient conditions
for (τu, ξ)-continuous operator T : C(X) → E to be weakly compact. Later,
Edwards [12, Theorem 9.4.10] obtained characterizations of weakly compact
operators T : Co(X) → E, where X is a locally compact Hausdorﬀ space
and (E, ξ) is complete. Panchapagesan (see [27, Theorems 2, 3 and 12], [30,
Theorem 5.3.7]) has presented equivalent conditions for a (τu, ξ)-continuous
operator T : Co(X) → E to be weakly compact if X is a locally compact
Hausdorﬀ space and (E, ξ) is quasicomplete. Now using the results of Sect. 3 we
present equivalent conditions for a (β, ξ)-continuous operator T : Cb(X) → E
to be weakly compact, where X is a k-space and (E, ξ) is quasicomplete.
Theorem 4.2. Assume that X is a k-space and (E, ξ) is a quasicomplete lcHs.
Let T : Cb(X) → E be a (β, ξ)-continuous linear operator and mˆ be its repre-
senting measure. Then the following statements are equivalent:
(i) T is weakly compact.
(ii) T ′′(π(B(Bo))) ⊂ iE(E).
(iii) mˆ(A) ∈ iE(E) for every A ∈ Bo.
(iv) mˆ(O) ∈ iE(E) for every O ∈ T .
(v) For every D ∈ E, the set {mˆe′ : e′ ∈ D} is relatively σ(M(X),M(X)′)-
compact.
(vi) mˆ : Bo → E′′ξ is ξE -countably additive.
(vii) mˆ : Bo → E′′ξ is ξE -regular.
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(viii) T (un) → 0 in ξ whenever (un) is a uniformly bounded sequence in
Cb(X) such that un(t) → 0 for every t ∈ X.
(ix) T (un) → 0 in ξ whenever (un) is a uniformly bounded sequence in
Cb(X) such that suppun ∩ suppuk = ∅ for n = k.
(x) T (un) → 0 in ξ whenever un → 0 in σ(Cb(X), Cb(X)′β).





undμ| < ∞ for every μ ∈ M(X).
(xii) T is completely continuous.
(xiii) T is unconditionally convergent.
(xiv) T is weakly completely continuous.
Proof. (i)⇒(ii) Assume that T is weakly compact. Then T ′′(Cb(X)′′β) ⊂ iE(E)
(see [12, Corollary 9.3.2]) and it follows that T ′′(π(B(Bo))) ⊂ iE(E).
(ii)⇒(iii)⇒(iv) It is obvious.
(iv)⇒(v) Assume that mˆ(O) ∈ iE(E) for every O ∈ T and D ∈ E . Let
(On) be a pairwise disjoint sequence in T and O =
⋃∞
n=1 On. Since for every
e′ ∈ E′ξ, mˆe′ ∈ M(X) (see Theorem 3.1), we get







Then by the Orlicz-Pettis theorem (see [22, Theorem 1]), we get jE(mˆ(O)) =∑∞
n=1 jE(mˆ(On)) in (E, ξ). Hence
pD(jE(mˆ(On))) = sup{|e′(jE(mˆ(On)))| : e′ ∈ D} = sup{|mˆe′(On)| : e′ ∈ D} → 0
and by Theorem 2.4, {mˆe′ : e′ ∈ D} is relatively σ(M(X),M(X)′)-compact.
(v)⇔(vi)⇔(vii)⇔(viii) ⇔(ix)⇔(x)⇔(xi) See Corolllary 3.4.
(vi)⇒(i) It follows from [12, Corollary 9.3.2].
(iii)⇒(xii) Assume that (iii) holds. Then m = jE ◦ mˆ : Bo → E is
ξ-countably additive because me′ = mˆe′ ∈ M(X). Assume that (un) is a
σ(Cb(X), Cb(X)′β)-Cauchy sequence in Cb(X). Then the set {un : n ∈ N} is
β-bounded, so supn ‖un‖∞ < ∞. It follows that lim δt(un) = limun(t) = vo(t)
exists for every t ∈ X, and hence vo ∈ B(Bo). Then by the Lebesgue bounded








(xiii)⇒(xi) It is obvious.
(iii)⇒(xiii) Assume that (iii) holds. Then m = jE ◦ mˆ : Bo → E is ξ-






< ∞ for every μ ∈ M(X). Hence ∑∞n=1 |un(t)| < ∞ for every t ∈ X because
δt ∈ Cb(X)′β . Let Sn(t) =
∑n
i=1 ui(t) for t ∈ X. Then (Sn) is a σ(Cb(X),
Cb(X)′β)-bounded sequence and it follows that (Sn) is β-bounded and hence
supn ‖Sn‖∞ < ∞. Let vo(t) = limn Sn(t) for t ∈ X. Then vo ∈ B(Bo) and
by the Lebesgue bounded convergence theorem (see [27, Proposition 7]) and
Theorem 3.5, we have












vo dm in (E, ξ).
Finally, if (nj) is any permutation of N, then limn
∑n
j=1 unj (t) = vo(t) for
t ∈ X. Then ∑∞j=1 T (unj ) =
∫
X
vo dm, as desired.
(xii)⇒(xiv) It is obvious.
(xiv)⇒(xiii) See Proposition 4.1. 
Corollary 4.3. Assume that X is a k-space and (E, ξ) is a quasicomplete lcHs.
Let T : Cb(X) → E be a (β, ξ)-continuous weakly compact operator and mˆ be
its representing measure. Then the following statements hold:
(i) m = jE ◦ mˆ : Bo → E is a ξ-Radon measure.
(ii) The extension operator T : B(Bo) → E is (β, ξ)-continuous and weakly
compact.
(iii) T (vn) → 0 in ξ whenever (vn) is a uniformly bounded sequence in B(Bo)
such that vn(t) → 0 for every t ∈ X.
(iv) T (vα) → 0 in ξ whenever (vα) is a uniformly bounded net in B(Bo)
such that vα → 0 in τc.
Proof. (i) It follows from Theorems 4.2 and 3.5.
(ii) By Theorems 4.2 and 3.5 T is (β, ξ)-continuous and since m := jE ◦ mˆ
is ξ-countably additive, T is weakly compact (see [26, Theorem 1]).
(iii) It follows from the Lebesgue bounded convergence theorem (see [27,
Proposition 7]).
(iv) It follows from (ii) because β and τc agree on uniformly bounded sets
in B(Bo).

For deﬁnitions and details concerning the strict Dunford-Pettis property,
the Dunford-Pettis property and the Dieudonne´ property, we refer a reader to
[12, § 9.4]. As an application of Theorem 4.2 we get:
Corollary 4.4. Assume that X is a k-space. Then the space (Cb(X), β) has both
the strict Dunford-Pettis property and the Dieudonne´ property.
Remark 4.1. The fact that the space (Cb(X), β) has the strict Dunford-Pettis
property was proved in a diﬀerent way by Aguayo and Sanchez [1, Theorem
2.4]. Moreover, Khurana [19, Theorem 3] and Chacon´ and Vielma [5, Theorem
3.1] showed that (Cb(X), β) has the Dunford-Pettis property.
Corollary 4.5. Assume that X is a k-space and (E, ξ) is a quasicomplete lcHs.
Let T : Cb(X) → E be a (β, ξ)-continuous weakly compact operator. Then
(i) T maps relatively σ(Cb(X),M(X))-countably compact sets in Cb(X)
onto relatively ξ-compact sets in E.
(ii) T maps uniformly bounded relatively τp-sequentially compact sets in
Cb(X) onto relatively ξ-compact sets in E (here τp denotes the pointwise
convergence topology on Cb(X)).
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Proof. (i) Let H be a relatively σ(Cb(X), Cb(X)′β)-countably compact sub-
set of Cb(X). Then the closed absolutely convex hull of H is σ(Cb(X),
Cb(X)′β)-compact (see [H2, Theorem 4]). Since the space (Cb(X), β) has
the Dunford-Pettis property (see [19, Theorem 3]), we obtain that T (H)
is relatively ξ-compact.
(ii) Let H be a uniformly bounded relatively τp-sequentially compact sub-
set of Cb(X). Then by the Lebesgue dominated convergence theorem, H
is relatively σ(Cb(X), Cb(X)′β)-sequentially compact (see [H2, Proposi-
tion 2]) and it follows that H is relatively σ(Cb(X), Cb(X)′β)-countably
compact. Hence in view of (i) T (H) is relatively ξ-compact.

Grothendieck [15] proved that if X is a compact Hausdorﬀ space and E
is a weakly sequentially complete Banach space, then every bounded operator
T : C(X) → E is weakly compact. Panchapagesan has shown that if X is
a locally compact Hausdorﬀ space and (E, ξ) is quasicomplete and contains
no isomorphic copy of co, then every (τu, ξ)-continuous linear operator T :
Co(X) → E is weakly compact (see [29, Corollary 2]). Now we extend this
result to operators on Cb(X) in the setting of k-spaces.
Corollary 4.6. Assume that X is a k-space and (E, ξ) is a quasicomplete lcHs
that contains no isomorphic copy of co. Then every (β, ξ)-continuous linear
operator T : Cb(X) → E is weakly compact.
Proof. Let mˆ be the representing measure of T . Then mˆe′ ∈ M(X) for every






un dμ| < ∞ for every μ ∈ M(X). Hence for every e′ ∈ E′ξ by











Since E contains no isomorphic copy of co, by [37, Theorem 4]
∑∞
n=1 T (un)
converges unconditionally in (E, ξ) and it means that T is unconditionally
convergent. Hence, by Theorem 4.2 T is weakly compact. 
Open Access. This article is distributed under the terms of the Creative Com-
mons Attribution 4.0 International License (http://creativecommons.org/licenses/
by/4.0/), which permits unrestricted use, distribution, and reproduction in any
medium, provided you give appropriate credit to the original author(s) and the
source, provide a link to the Creative Commons license, and indicate if changes
were made.
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